Abstract. Let D = 1 be a positive non-square integer. In the first section, we give some preliminaries from Pell equations and simple continued fraction expansion. In the second section, we give a formula for the continued fraction expansion of √ D for some specific values of D and then we consider the integer solutions of Pell equations x 2 −Dy 2 = 1 for these values of D including recurrence relations on the integer solutions of it.
Introduction
Suppose that D be any positive non-square integer and N be any fixed integer. Then the equation (1) x 2 − Dy 2 = ±N is known as Pell equation (x 2 −Dy 2 = N is the Pell equation and x 2 −Dy 2 = −N is the negative Pell equation) and is named after John Pell (1611-1685), a mathematician who searched for integer solutions to equations of this type in the seventeenth century. Ironically, Pell was not the first to work on this problem, nor did he contribute to our knowledge for solving it. Euler (1707-1783), who brought us the ψ-function, accidentally named the equation after Pell, and the name stuck. The Pell equation in (1) has infinitely many integer solutions (x n , y n ) for n ≥ 1. The first non-trivial solution (x 1 , y 1 ) of this equation, from which all others are easily computed, can be found using, e.g., the cyclic method [1] , known in India in the 12th century, or using the slightly less efficient but more regular English method [1] (17th century). There are other methods to compute this so-called fundamental solution, some of which are based on a continued fraction expansion of the square root of D (For further details on Pell equation see [1, 2, 3, 4, 5, 6, 7, 8, 9] Recall that a simple continued fraction of order n is an expression of the form (3) a 0 + 1
1 a n which can be abbreviated as [a 0 ; a 1 , a 2 , · · · , a n ]. Note that in a simple continued fraction a 0 may be a positive or negative integer or zero. The a n 's of a simple continued fraction (3) are called the terms of the continued fraction. If the number of the terms of a simple continued fraction is finite, as indicated in (3), then the continued fraction is a finite simple continued fraction. If the number of terms of a simple continued fraction is infinite, such as [a 0 ; a 1 , · · · ], then the continued fraction is an infinite continued fraction. The n−th approximant of the continued fraction [a 0 ; a 1 , · · · ] is denoted by Pn Qn , and P n Q n−1 − P n−1 Q n = (−1) n−1 , P n+1 = a n+1 P n + P n−1 , Q n+1 = a n+1 Q n + Q n−1 for n ≥ 1.
Continued Fraction Expansion of
In [10-15], we considered some specific Pell equations and their integer solutions. Further, we derived some recurrence relations on the integer solutions of these Pell equations. In this paper, we will consider the continued fraction expansion of 
) is the fundamental solution. Set {(x n , y n )}, where
The consecutive solutions (x n , y n ) and (x n+1 , y n+1 ) satisfy
4. The solutions (x n , y n ) satisfy the following recurrence relations
Then we easily get
Then it is given in [7] that C k = 
Now we assume that (x n , y n ) is a solution of
Applying (5), we find that
Therefore (x n+1 , y n+1 ) is also a solution of x 2 − (k 2 + 1)y 2 = 1. 3. This assertion is clear by (5) since x n+1 = (2k 2 + 1)x n + (2k 3 + 2k)y n and y n+1 = 2kx n + (2k 2 + 1)y n .
4. We prove this recurrence relation only for
by induction on n. Applying (4), we get x 1 = 2k 2 + 1, x 2 = 8k 4 + 8k 2 + 1, x 3 = 32k 6 + 48k 4 + 18k 2 + 1 and x 4 = 128k 8 + 256k 6 + 160k 4 + 32k 2 + 1. The recurrence relation in (6) is true for n = 4 since Let assume that the equality x n = (4k 2 + 1) (x n−1 + x n−2 ) − x n−3 is satisfied for n − 1, that is, (7) x n−1 = (4k
We see as above that x n+1 = (2k 2 + 1)x n + (2k 3 + 2k)y n . Hence (8)
x n−3 = (2k 2 + 1)x n−4 + (2k 3 + 2k)y n−4 .
(7) and (8) yield that x n = (4k 2 + 1) (x n−1 + x n−2 ) − x n−3 for n ≥ 4. 
Theorem 2.2. Let k ≥ 2 be any integer, and let D = k 2 − 1.
2. (x 1 , y 1 ) = (k, 1) is the fundamental solution. Set {(x n , y n )}, where
Theorem 2.3. Let k ≥ 1 be any integer, and let D = k 2 + 2.
2. (x 1 , y 1 ) = (k 2 + 1, k) is the fundamental solution. Set {(x n , y n )}, where
y n = (2k 2 + 1) (y n−1 + y n−2 ) − y n−3 for n ≥ 4.
Theorem 2.4. Let k ≥ 2 be any integer, and let D = k 2 − 2.
is the fundamental solution. Set {(x n , y n )}, where
y n = (2k 2 − 3) (y n−1 + y n−2 ) − y n−3 for n ≥ 4.
Theorem 2.5. Let k ≥ 1 be any integer, and let D = k 2 + k. for n ≥ 2. Then (x n , y n ) is a solution of x 2 − (k 2 + k)y 2 = 1. 3. The consecutive solutions (x n , y n ) and (x n+1 , y n+1 ) satisfy x n+1 = (2k + 1)x n + (2k 2 + 2k)y n y n+1 = 2x n + (2k + 1)y n for n ≥ 1.
4.
The solutions (x n , y n ) satisfy the following recurrence relations x n = (4k + 1) (x n−1 + x n−2 ) − x n−3 y n = (4k + 1) (y n−1 + y n−2 ) − y n−3 for n ≥ 4.
Theorem 2.6. Let k ≥ 2 be any integer, and let D = k 2 − k.
The continued fraction expansion of
√ D is √ D =    [1, 2] if k = 2 [k − 1; 2, 2k − 2] if k > 2.
